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THE GEORGE WASHINGTON UNIVERSITY 
School of Engineering and Applied Science 

Institute for Management Science and Engineering 

COMPUTATIONAL EXPERIENCE WITH OPTIMAL VALUE FUNCTION 
AND LAGRANGE MULTIPLIER SENSITIVITY IN NLP 

by 

Robert L. Armacost 

1. Introduction 

Several aspects of sensitivity analysis In nonlinear programming 

have been examined from a computational viewpoint by Armacost and Flacco 

(197*0. That work was based on the theory developed by Flacco (1973) and 

used the computational procedures Implemented by Armacost and Mylander 

(1973) using the SUMT-Verslon k computer code with the logarithmic- 

quadratic loss penalty function modified to estimate the partial derivatives 

of the solution point and the objective function taken with respect to 

certain specified problem parameters« Flacco (1973) developed the necessary 

formulas to provide estimates of the partial derivatives of the Lagrange 

multipliers taken with respect to the problem parameters using the 

logarithmic-quadratic loss penalty function, Armacost and Flacco (1975) 

developed the formulas to obtain first and second order sensitivity infor- 

mation for the optimal value function (a function of the parameters 

defined by the objective function evaluated at th* solution point). 

Additionally, Armacost and Flacco (1976) have shown that when the parameters 

are the right-hand side components of the constraints, the partial deriva- 

tives of the Lagrange multiplier« are the components of the Hessian of the 

optimal value function. The supporting t**ory is addressed In Section 2, 
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Armacost and h'iacco (lV?h)  focus on the computational experience 

with four example problems discussing various aspects of the sensitivity 

analysis procedure and results. They note that for large problems with 

a larffe number of parameters, a very lan'e number of partial derivatives 

will be estimated. This is not only time consuming, but is also burden- 

some to the user who must evaluate all of them, many of which are zero 

or very close to zero in value. In addition, it is unlikely that the 

value of the solution (the value of the objective function evaluated at 

the solution point) will be sensitive to more than a relatively few para- 

meters, Because of this, the method developed by Armacost and Fiacco (1975) 

to estimate the fint order sensitivity of the optimal value function is 

incorporattd in the computer program here to provide an option for pre- 

liminary screening of the parameters to determine which ones effect the 

optimal value function. Using the formulas developed by Placco (1973), 

a second option is Included which permits the calculation of the sensitivity 

estimates for the Lagrange multipliers. The computer code and options used 

to accomplish these calculations are discussed in Section 3» 

In Section **, the new computational experience with Lagrange 

multiplier and optimal value function sensitivity using these options Is 

presented for the four examples of Armacost and Placco (197*0* 

In Section 5, a sensitivity analysis Is conducted for a large 

scale, multi-item inventory model developed by Schrady and Choe (1971) 

for the U, S, Navy, Vhlle the example used Is the same small one used ty 

Schrady and Choe, it nonetheless exhibits the value of performing such a 

sensitivity analysis In real world situations and Illustrates the care 

that must be taken in Interpreting the sensitivity results« 

- 2  - 
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2.    Supporting Theory 

The problems considered here are of the form of Problem P(C), 

minimize f(x#€) 

subject to       g^x.f)    >   0,    i»l,•..,*, *<C) 

h.(x,€)    -    0,    j«=l,...,p. 
J 

When certain assumptions are satisfied, Fiacco (1973) and Armacost 

and Kiacco (1975) have shown the existence of the first order sensitivity 

of a Kuhn-Tucker triple and the first and second order sensitivity of the 

optimal value function.    Additionally, they provide the means of estimating 

this sensitivity by way of the logarithmic-quadratic loss penalty function. 

The following four assumptions are sufficient to establish these results 

and are assumed to hold throughout this Section. 

Al —The functions defining Problem P(0 are twice continuously 

dlfferentiable In (xtf)  in a neighborhood of (x*f0), 

A2 —The second order sufficient conditions for a local minimum 

of Problem p(0) hold at x* with associated UeranKe multi- 

pliers u* and w*. 

A3 —The ^radiants 7^(x»#o) for all i such that eA(x*t0) * 0, 

and 7 h.(x*t0),  >lf...fp are linearly independent. 

kk —Strict complementary slackness holds at (x*t0) (!.•., u^ >0 

for all 1 such that ^(x'.O) ~ 0), 

The »aln results are presented without proof and are stated Imre 

for completeness,    The portion of the theory used in the computational 

aVorithn is made specific.    The U^rmn^ian for froble» !(<) is 

m p 
X 

J- 
Ux.u§*,€) • f(*.f) -   I u.Ci(*.0 ♦   £ ",M*.0 

where u.,  i»l,.,. m and w.t j»l,#.,tpar« the Lacranre multipliers 
* J 

- 3 - 
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associated with the inequality and equality constraints respectively. 

The first result    was proved as Theorem 2.1 "by Fiacco (1V?3). 

THEOREM It    (First order sensitivity of a Kuhn-Tucker triple) 

If assumptions Al,  A?,  A3 *nd A^ hold  for Problem p(f) at (x*,0),  then 

(a)    x*  is a local  isolated mininiziry:  point of Problem P(0) and the 

associated  iAfTnn/'c multipliers u* and vr» are unique| 

(i)    for ( in a  noirhlorhood of 0,   there exists a unique,  once con- 

t.inously   ijfferentJable vector function y(€)  « (x(f),u(C)lw(f)) 

satisfying the second orier sufficient conditions  for a local 

•ninimur. of  I'robTen r(-)  such that  (x(0),u(0)fw(0))  - (x*,u«,w*) 

and rence,  x(£)  is a locally unique,  local minimum of iToblem J<€) 

with associate«! unique lA^rai^e multipliers u(€) and x(()% and 

(c)     for r  near ■ ,   t*.t- set of  binding  inequalities is unchanged, 

strict complementary slackness holds for u.(C) for i such that 

■ (y,(()tr)  «= 0, and the bindirv constraint c^l^ts are linearly 

independent at x(«'), 

Let y(0  • (r(C;fu(«')lw(t')) '   \* a Kuhn-Tucker triple where x(0 

solver.  JTot'le-!  1(0«   f-her'  *** ^ptir-al   value function is defined äS  f*(C)  ■ 

r(xf*';,«}  and  the oMirwil   value Wnu/lun   \r.  l*(0   • L(x(C),u(<) tw(( ),f), 

he second result was recently established by Anaacost and Klacco 

(l:»o;   In their Theoren  \  stated here as Theorwi 2. 

7H30RSK 21    (Kirst and second order changes in the optimal value function) 

If assumption.; Ai, A?9 A3 and A^ hold for Problem P(C) at (x*t0),  then 

for ( near 0, 

(a) f(<)    -    L»(Oi 

(b) 7rf(0    *     ^Kx.u.w/)! 

mrri  ill TITlilMMi iTiltiiiiin i riiTMliiiilaiMHTlin»MII^Mtllirn,"'*r'"nr»»^''"«^■^a^Mfc^^teaBitai^aaMfcMi«-^*«^^-^--!!..i. ■-     ^«.ymmammaaimemiMm**.    i !»■ iiiMiiniiiiiin   't ^lOMammmtmMmmuikiJMlbmä^k 
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m 
«    7f(x,C)  -   2 u.V^ (x,€) 

i-1  x      x 

P 
+   Z w,V.h,(xfC)| j ,.V.(x,€)| 

>1  J < J |(X,U,KHX(€),U(0.W(0) 

(c)    7f
2f*(C)    =    Vc(?eL(x(C),u(e),W(€),£)T)  . 

The problems in subsequent Sections are solved using the logarithmic- 

quadratic Iocs penalty function W(x,C,r) defined as 

m P 
tf(x,C,r) ~  f(x,0 - r £ in g.(x,0 + (l/2r) £ h.(x,C)'\  (1) 

1*1   1 >1 ° 

The following result was obtained by Fiacco (1973) as Theorem 3.1. 

TKSDREM 3* (Approximation of first order sensitivity results arid 

determination of estimates from W(x,Cfr)) 

If assumptions Al, A2, A3 and A^ hold for Problem F(£), then for (C,r) 

near (0,0), there exists a locally unique, unce continuously differeu- 

tialle vector function y(£,r) = (x(€,r),u(€tr),w(€,r)) satisfying 

7xL(x,ufwfC) - 0, 

ujLgi(x,€) «•■ r,   j-1 Bi, 

hj(*i0 * wj*\» J8=t»...>P. 

with (x(0,0),u(0,0),w(0,0)) r (x%u»fw*)f and such that for any (C,r) 

near (0,0) and r > 0, x(f,r) is a locally unique unconstrained minimizing 

point of W(x,C,r), with Ki(x(C,r),r) > 0, 1-1,.,,,*, and Vx
2V(x(C,r),e,r) 

is positive definite. 

Since the system of equations in Theorom 3 is identically equal 

to zero at r *• 0, it follows that vVy(£,r) can be calculated for (C,r) 

near (0,0), The following result was shown by Fiacco (1973) following 

his Theorem 3,1, 

COROLLARY 3tl« (Convereence of estimates using V(x,€,r)) 

If assumptions At, A2, A3 and A'* hold for Problem P(C), then for any < 

- 5 - 
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near 0, 

(a)    lim      y(€,r) « y(C,0) = y(0»  the Kuhn-Tucker triple characterized 

in Theorem 1; and 

(b)    lim      Vcy(C,r) = 7cy(€f0) = 7y(0. 
r-X) 

Armacost and Fiacco (197*0 reported computational experience 

with sensitivity analysis in four sample nonlinear programming problems. 

The algorithm uses the fact that the Hessian of the penalty function is 

positive definite for r small enough and that the gradient of the penalty 

function is identically zero in a neighborhood of the solution point. Thus, 

the gradient of the solution point taken with respect to the parameter 

vector C  is estimated as 

7 x(C,r) r -7 2W(xr€,r)^7 2W(x,€,r)|       .     (2) 
lx«x(6,r) 

Usim: the fact that ui(€lr) - r/gi(x(€,r)f€) and w (€,r) » (l/r)h .(x(C,r),C), 

the chain rule can be applied to obtain 7^.u.(C,r) and 7^w.(€,r) as shown 

by Fiacco (l973)# Convergence was shown by Fiacco (1973) following his 

Corollary 3.1. The above approach is equivalent to calculating 7^y(€,r) 

directly from the system of equations in Theorem 3. 

The logarithmic-quadratic loss penalty function can also be used 

to provide estimates of the first and second order sensitivity of the 

optimal value function. Let the optimal value penalty function be defined 

as W*(C,r) * W(x(C,r),C,r)f The first order portion of the sensitivity 

results developed by Armacost and Fiacco (1975) in their Theorem U and 

Corollary 4,1 follow, 

THEOREM kt (First order sensitivity of W*(Ctr) and estimates for f*(0) 

If assumptions Al,A2, A3 and A^ hold for Problem P(€), then for (C,r) 

near (0,0) and r > '*, 

■M^JM—fcj^-j».»*«-. .-* .-^ ■ -, . ■ , ■ -■ ■»^■■■■.llMMSi^i-m-rtt^./.i.i. ■ ._,..'.„.V- ,-f n^mJ-iff 
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(a) lim  W*(C,r) = L*(C) - f*(C)| 
r-*C 

(b) 7.W*(C,r) - 7.L(x,u,w,C)| , and  (3) 
|(x,u,wHx(e,r),u(€,r),w(e,r)) 

(c) lim+VW*(C,r) -7€L(x(C)fTi(€)tM(€)p6) - f»(€), 
r-#0 

Another- estimate of the optimal value function is obtained as 

f (C,r) = f(x(C,r),C), Direct application of the chain rule for differ- 

entiation then yields an estimate of the first order sensitivity of the 

optimal value function as 

V€f
#(<T,r) « 7xf(x,C) Vcx(6,r) + V^T(M). W 

Under the given assumptions, continuity assures that f^(Cpr) -* f*(C) 

and 7er(C,r) -* 7^(0 as r -> 0*. Thus, both v^f^C.r) and 7€W*(C,r) 

are estimates of 7.f*(€) for r sufficiently small. It is beyond the 

scope of this Section to explore the relationship between these estimates. 

It is easily shown, however, that 

7cW*(e,r) - *ff*(f,r) - Z u1(7xßi7fx(C,r) + 7^) 

P 
♦ Zw.(7 h7 x(C,r) +7 h )| 

It is easily shown that the terms in the summations on the right approach 

zero as r approaches zero, Armacost and Fiacco (197^) used equations (2) 

and (^) to examine the trajectory and convergence properties of the gradients 

of the solution point and the optimal value function from a computational 

point of view. Here, equation ( J) is also used to estimate the first 

order sensitivity of tne optimal value function and lias the advantage 

that Vfx(<",r) need not l«e calculated. 

- 7 - 
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3» User Options and Computer Codes 

The basic SUMT-Verßlon k computer program and Instructions for 

Its use are described in Mylander, Holmes and McCormlck (1971). The 

basic sensitivity analysis subroutines, user instructions, and instructions 

for integrating the sensitivity package with the SUMT-Version k code are 

described in Armacost and Mylander (1973). Briefly, the conduct of a 

sensitivity analysis is controlled by the variable NEX0P3 which is given 

a value on the "Second Option Card" in the SUMT lnpit data deck. There are 

four choicest no sensitivity analysis, a sensitivity analysis at the final 

subproblem, a sensitivity analysis at each subproblem along the penalty 

function minimizing trajectory, or a sensitivity analysis at the final 

subproblem for a range of differencing increments. In conjunction with this 

option, two additional options are added here and come into play whenever 

a sensitivity analysis is conducted. The first option (technically 

Option k)  is controlled by the variable NEXOPU and determines whether the 

partial derivatives of the Lagrange multipliers will be calculated. When 

the calculation is done, the formulas described by Fiacco (1973) «:• used. 

The second option added here (Option 5) permits a screening of the parameters 

to reduce the number of partial derivatives which are estimated by limiting 

further analysis to those parameters which will affect the optimal value 

of the objective function by an amount exceeding 0,1 percent of its current 

value. This option is controlled by the variable NEX0P5. The estimate of 

sensitivity of the optimal value function with respect to a particular 

parameter under this option is calculated using the Armacost and Fiacco 

(1975) result which involves the partial derivative of the Lagrangian taken 

with respect to the parameter under consideration. Subroutines LMULT and 

- 8 - 
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PRESEN and related coding in Subroutine SENS implement Option 4 and 

Option 5» respectively. Subroutines SENS, LMULT and PRESEN are listed 

in Appendix A, Specific instructions for using these two options in 

conjunction with the "Second Option Card" are given below In Table 1, 

This information should be added to Table 5 in Mylander, Holmes and/f* 

McCormick (1971). 
y 

TABLE 1 

THE SECOND OPTION CARD 

Option Column   Value Meaning 

28 

35 

"0   Do not estimate the partial derivatives 
of the estimates of the Lagrange 
multipliers, 

-1   Estimate the partial derivatives of the 
estimates of the Lagrange multipliers 
whenever a sensitivity analysis of the 
solution point is conducted, 

-0   Estimate the partial derivatives of the 
optimal value function and eliminate 
those parameters which do not affect the 
optimal value function from subsequent 
sensitivity calculations, 

«1   Estimate the partial derivatives of the 
optimal value function with respect to 
all parameters, but continue all subse- 
quent sensitivity calculations with 
respect to all parameters. 

-2   Do not estimate the partial derivatives 
of the optimal value function first. 
Conduct the sensitivity analysis with 
respect to all parameters. 

A potential user of these sensitivity subroutines should be aware 

that the penalty function coded in SUMT-Version k does not have the 

- 9 - 
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factor "}"  in the quadratic loss term (see equation (l) in Section 2), 

Therefore,  the expressions for the several gradients have an additional 

factor of "2"  in the cominiter ixrocram which does not appear in the 

supportin^ theory of Section 2, 

4,    New Computational Experience 

In this Section,  the four sample problems of Armacost and Fiacco 

(197*0 are examined.    Specifically, the convergence of the partial deriva- 

tives of the Latfrary;e multipliers is examined and the estimates of the 

gradient of the optimal value function obtained by the chain rule (equation 

(h)) and by the gradient of the La^ran^ian (equation (3)) are compared. 

The problems are designated by the same letters as in the original paper. 

Consider first a simple convex program.    The problem is 

minimize f(x,0 xl + r2X2 

subject to       (^(x.C) ■* (* - ** - x2    > 0, 
B 

for C. > 0. The analytical solution point and Its gradient are given in 

Armacost and Fiacco (197*0 as 

x(€) 

■«,(0' 

*,10 

VT777 
CV2 

\/I 1 «► C. 

f* (0  * -cx V i ♦ v     . 

- in - 
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V(G) 
VT7Z2 

-i 

-€, 

C1C2 

(1 ♦ €, ) 

-€. 

(i ♦ C) 

and 

v€f»(€) - (af*(€)/aer af»( <•)/»€ ) 

-(-Vi+«2
2, -Va/VT^2). 

The Lagrange multiplier and its gradient are analytically determined 

to be 

and 

u*(€)    - \/T+Z* i 2€^ ^ 

V<0 -     (./iT^/2^ €2/(2€1t/7T^5) ), 

The numerical example had € » 2 and € - 1 yielding the following 

numerical resultst 

V*f» -  (-V2, -^2 ) , f * - -2V2 • 

X«   - 
-vr 

1 

u« -  V?A 

9 0.35 >3 . 

7f*~ 
-V2/2 V2/2 

.-V2/2 -V2/ 

76u« -  (-V2/8, V2/8) 

*  (-.177, .177) . 

The numerical results obtained by the computer prograa are In- 

cluded In Table 2 for the optiaal value function and Lagrange aultlpller 

sensitivity. The values of the first order optiaal value function sensi- 

tivity cosputed both by the chain rule (equation CO) and by taking partial 

derivatives of the Lagranglan with respect to the parameter* (equation (3)) 

- 11 - 
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TABLE 2 

TRAJECTORY RESULTS FOR PROBLEM B 

Lagranglan    Chain rule 
Subproblem    f   öf/ä^ öf/ä€2 bf/b^    bf/b*2 u öu/ö€ du/ö€ 

1 -1,9999 -1.9999 - .9999 -1.3333 -1.3333 .4999 -.3333 .1666 

2 -2.5393 -1.5440 -1.2947 -1.408? -1,4088 .3860 -.2100 .1761 

3 -2.7765 -1.4439 -1.3833 -1.4139 -1.4139 .3609 -.1844 .1767 

4 -2.8128 -1.4243 -1.4064 -1.4142 -1.4142 .3560 -.1790 .1768 

5 -2.8245 -1.4127 -1.4123 -1.4142 -1.4142 .3531 -.1768 .1768 

6 -2.8274 -1.4137 -1.4137 -1.4142 -1.4142 .3532 -.1767 .1768 

7 -2.8282 -1.3899 -1.4141 -1.4142 -1.4142 .3475 -.1737 .1768 

Analytical -2.8282 -1.4142 -1.4142 -1.4142 -1.41U2 .3537 -.1769 .1768 

art presented in parallel. The results are also plotted in Figure 1 and 

portray the type of convergence experienced, While the previous results 

by Armacost and Fiacco (1974) clearly indicated a stability of the solution 

point and optimal value function and their gradients taken with respect to 

the parameters, Table 2 indicates that with the Lagrange multipliers, the 

same sort of stability Is not found, It is well known that with barrier 

functions, the estimates of the Lagrange multipliers decrease in accuracy 

as the boundary is approached. The change in the value of u between sub- 

problems 6 and 7 is an Indication of this. It is no surprise, therefore, 

that the estimates of the gradient of the Lagrange multiplier behave in 

- L' - 
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a similar way. In addition, since the estimate of the gradient of the 

optimal value function obtained by evaluating the partial derivatives of 

the Lagrangian taken with respect to the parameters Includes the estimates 

of the Lagrange multipliers, it too will not be as accurate an estimate 

as the boundary is approached. 

The next problem considered Is a nonconvex program with an equality 

constraint. The problem is to 

minimize    f(x#€)  - x. ♦ X- ♦ In ju - x^ 

subject to  g.(x,€) « -x.   + x. 

e2(x,€) 

«3(x,€) x3 - et 

> o. 

> o. 

^(x.e) - *3
2 ♦ xk

2 - Cj2 - o, 

where €->€.> 0 and €. > 0. 

The analytical solution 1st 

f»(€) * In fj -V €2
2 " C1Z 

y(0 •■ y(0 - o.  xy(0 
ut*(0 - u2«(0 • 1, 

i, v (0-V v-€ 2 
1 * 

and        w^(€) «1/(2 V*2
2 - ^ . 

The numerical example used has^-landC-2. The numerical solution 

derived analytically for the solution point, Ugrange multipliers and their 

gradients arei 

7^ * (1,578, -1.157) . f» * -1.732 

x* a 

0 

0 

1 

1.732J 

7f » 

0 0     I 
1  o 0 

1 l 
0 

b.577 1.15«J 

- Xk  - 
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1 0           0 

u*   w 1 

.1.732 

7€u»   » 0           0 

-.231   -.385. 

w*   w .289 v* * (.0962, -.1925) 

The computed results for a trajectory sensitivity analysis are shown in 

Tfcble 3. 

The partial derivatives of the Lagrange multipliers shown in Table 3 

are the only ones which are non-zero. Note that at the fifth and sixth 

subproblems, the estimates of the gradients of u~ and w, are reasonably 

close to the true values determined analytically. It is at that point also 

that the estimates of u~ and w are the closest to their true values at 

the solution point. Notice also that the estimate of df*/d€2 obtained 

from the partial derivative of the Lagrangian with respect to €- is reason- 

ably close to the true value. It is entirely dependent on w and as the 

estimate for w becomes less accurate, the error will be reflected in 

the first order sensitivity estimate of the optimal value function taken 

with respect to € , In the following example, the need for careful attention 

to the differencing Increment is illustrated when the parameters are the 

right-hand sides of the constraints. For Problem Cv a sensitivity analysis 

was conducted at the final subproblem for a rangt of differencing increments. 

The results were that the sensitivity estimates remained fairly constant 

•?     -12 
over the range of differencing increments from 10  to 10  . Thus, the 

source of error in this case is solely the lack of accuracy of the estimates 

of the Lagrange multipliers for the binding constraints. 

Two related problems called the Shell Primal and the Shell Dual 

were presented by Armacost and Piacco (197*0. However, computational 

- 15 - 
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results were presented only for the Shell Dual,    (The Shell Dual was 

developed as a test problem by the Shell Development Company and used by 

Colville (1968) in his comparative analysis of nonlinear programming 

codes.)    Computational results are presented below for both the Shell 

Primal and the Shell Dual.    The first problem considered Is the Shell 

Primal. 
n n     n n ~ 

minimize w- ** - ■   * - -   -   *     r-~„^r,i-.> f(xt€) -   2 e.x. t   L     £ x.c. .x. «•   £d.x- 
j-l J °     i-1 j-1 x 1J J     j-1 3 3 

11 

subject to       K4(x,€) -     Ca.,x.   - €.    >   Qt i-1, 
1 j-1 10 J l 

D 

.m. 

with x. > 0f j-l,...fn.    The dual problem is much more difficult to solve 

and is the one most often used In computational comparisons.    The Shell 

Dual is to 
m n     n n - 

maximise +(<* c\    -    r c %*    _    r      r ~ *    w    « *% v A w J f(xf€)    -   Z €jr, -   £     £ x.c   .x. - 2 £ d.x - 
j-1 J J     i-1 j-1 x 1J J       i-1 x * 

11 2 subject to       gi(x,€) -   eA ♦ 2 £ c.jX. ♦ 3*^ E 
J • 

m 

j-1  J1 J 

with xi > 0V i-lf.».tn, and y. > 0, j-l,,,.fm.    In the numerical example 

used here, n * 5 and m • 10.    The problem data is given in Table J of 

Armacost and Fiacco (197*0 and In Appendix C,    The parameters of the 

sensitivity analysis are the variables €.t i-lf#.#t10, the components of 

the rleht-harvi sides of the primal constraints. 

As a urief aside, the computational solution of the Shell 

>oal provided the motivation for some ^f the recent work in parametric 

sensitivity analysis by Armacost    id Fiacco.    Specifically, Armacost and 

Klacco (19V**) rK>t«d that in t^olvin»,  vhe dual problem, th« partial 

- 1? - 
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derivatives of the dual variables with respect to the right-hand sides 

of the primal constraints were obtained.    With the correspondence between 

the dual variables and Lagrange multipliers and their interpretation as 

the partial derivatives of the optimal value function with respect to 

the right-hand sides of the primal constraints,  it appeared that the 

second order partial derivatives of the optimal value iunction had been 

obtained,    The calculations supported this conjecture since the matrix of 

partial derivatives of the dual variables with respect to   the parameters 

was symmetric.    Armacost and Flacco (1976) have shown that when the 

parameters are the components of the right-hand side only, then the 

gradient of the Lagrange multiplier vector taken with respect to the 

parameters is the Hessian of the optimal value function.    This matrix will 

be computed using the Shell Primal and then compared with the Hessian 

obtained by solving the Shell Dual. 

In solving all of the sample problems, the option to screen the 

sensitivity estimates was used resulting in the partial derivatives being 

computed only for those parameters which affected the optimal value 

function by more than 0.1 percent of its current value.    Annotated com- 

puter output for the final subproblem with sensitivity analysis data for 

the Shell Primal is shown in Figure 2.    (The annotation applies to the com- 

puter output in Fibres 3t kt 5 and ' as well.)    The parameters are represented 

by the letter -A" vie© »r» in the computer output.    Similar output for the 

Shell Dual  lr   £i»own in Figure    .    (Com pi re the sensitivity Analysis portion 

with figure J+ of Armaco^t and Flacco (!>?**).)    The sensitivity estimates for 

both problems were obtained  uy conduct lw a trajectory sensitivity analysin. 

I.e., a sensitivity analysis performed at each sutyaroblem alorv. the 

rtinlnislm*  trajectory,    aince the Siiell   Jual  is a maximisation uroble« 

nnd SVK? is coded to solv* a minimisation problem,  Problem K is solved 

- V   - 
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Annotation 

Identifier Meaning 

1 F = the value of the objective function 
at the current solution point, 

2 The value of the components of the solution 
point of the current subproblem, here, 

3 The value of the constraints evaluated at the 
current solution point, i.e., g. f... ,5-JQ. 

k The data corresponding to 1 - 3 above when 
the solution point is a second order estimate 
based on the values in 2, 

5 The same as 4, but the solution point is a 
first order estimate based on the values in 
2. These values and those in k are extrapo- 
lations from the current solution estimate, 

6 The estimates of the Lagrange multipliers based 
on the current value of r (RHO) and the current 
estimates of the solution point, in this case 
as ui « r/gi(x,€), i*l,...,lO. 

7 The value of the parameters, € , 1*4,,.#,10, 

8 The value of the differencing increment used 
in the central differencing formula for each 
of the parameters, 

9 The estimates of the gradient of the optimal 
value function calculated by equation (3). 

10 The parameters whose associated partial derivatives 
affect the optimal value function by more than 
0,00t of its current value, 

11 The first order sensitivity of the solution 
point calculated by equation (2), 

1? The first order sensitivity of the lacrange 
multipliers calculated usint; the method 
described following equation (2), 

13 The pirtial derivative of the optimal value 
function taken with respect to the Indicated 
parameter and calculated l*y equation (**), 

Fir.« P.—Continued, 
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by minimizing the negative of the objective function and therefore, the 

results in Fig-  3 for the objective function value and the values of 

its partial derivatives must be multiplied by -1 to obtain the correct 

results. The variables X(l) - X(10) in the Shell Dual correspond to the 

Lagrange multipliers in the Shell Primal and the variables X(ll) - X(15) 

in the Dual correspond to X(l) - X(5) in the Primal, The components of 

the Hessian of the optimal value function then are the partial derivatives 

of X(l) - X(10) in the Shell Dual and the u-derivatives in the Shell Primal, 

The dual variables, Lagrange multipliers, the partial derivatives of the 

optimal value function obtained by means of the Lagrangian, and those 

obtained using the chain rule are compared in Table *. 

TABLE 4 

FIRST ORDER SENSITIVITY COMPARISON 

Shell Primal Shell Dual 

i Ui df/dC^Lag. ) af/a^c, R.) x^ öf/^CLag.) df/dC^C.R.) 

l fl68xi0"
5 .I68xl0"3 • 

- .I68xl0"5 0.0 - 

2 .312x10 .312x10"* - .313x10"* 0.0 - 

3 5.1649 5.1^9 5.17*0 5.1742 5.17*1 5.17*1 

4 ,*O7xl0 .437x10"* - .438x10 0.0 - 

5 3.0555 3.055* 3.0610 3.0610 3.0610 3.0612 

6 11.8191 11.8190 11.8395 11.8405 11.8406 11.8397 

7 ,159xl0"5 .159xl0"5 - .159xl0"5 0.0 - 

8 .107xl0"5 .107xlo"5 - .107xl0"5 0.0 <m 

9 .1046 .1046 .1038 .10*3 .104* .10*0 

10 .889x10"* .889x10 - .891x10"* .177xl0"3 - 

Since the preliminary screening option was used, detailed sensitivity 

estimates for the parameters which correspond to the non-binding inequality 
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constraints were not computed in Figures 2 and 3, In the Shell Primal, 

the Lagrange multipliers and the partial derivatives obtained lay means of 

the Lagranglan correspond exactly. As noted in the discussions following 

Problems B and C, the estimates of the Lagrange multipliers for the 

binding constraints are very sensitive near the boundary of the constraint 

set. This explains the slight variation between these estimates and the 

other sensitivity estimates shown in Table * for the binding Primal 

constraints. 

Now compare the second order sensitivity estimates with respect 

to the parameters which are the right-hand sides of the binding Primal 

constraints. Let JL and Hp denote the sutanatrices of the Hessian of the 

optimal value function for the Dual and Primal respectively, obtained ty 

deleting the rows and columns corresponding to the non-binding Primal 

inequality constraints. Thus, the components of H- are öx./dC., 1,j"3,5i6,9i 

and the components of Hp are du./d€., 1,j"3f5»6,9. From *** computer 

output, these matrices ares 

^.06^2 -.5653 3.^50   .189*1 

H m        ,-.5653 .50*3 -.6151   .0237 
D     3.^50 -.6151 7.1850 1,5885 j ' 

! .189* ,0237 1.5885  .83*3,1 

and HP   " 

"*,0710 -.5663 3.*715      .1899] 
-.5662 .5051 -.6158      .0239 
3.*715 -.6158 7.1929 1.5890   ' 

■  .1899 .0239 1.5890       .83*7.1 

Both H- and Kp are symmetric, and while the agreement is not exact, it is 

very close as anticipated. 

Armacost and Fiacco (197*) indicate that the differencing interval 
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used in the sensitivity analysis can affect the accuracy of the results. 

For this reason, an option was provided by Armacost and Mylander (1973) 

to conduct the sensitivity analysis at the final subproblem for a range 

of differencing intervals. It is even more important to be cautious 

when dealing with right-hand side perturbations as the following discussion 

indicates. The results shown above for the Shell Primal and the Shell 

Dual were obtained with a trajectory sensitivity analysis and at the 

final subproblem, the differencing increment used in the central differ- 

encing formulas was 10~ , The Hessian subnatrices Hp and HD were found 

to be very close. When the problems were solved using a sensitivity 

analysis at the final subproblem only with a differencing increment of 

-9 
10 , the diagonal elements of fL, were considerably different from 

those of HD, The problems were solved again with a sensitivity analysis 

performed at the final subproblem for a range of values of the differencing 

increment, ranging from 10" to 10" , The components of R* remained 

constant as did the non-diagonal elements of Hp which were equal to the 

non-diagonal elements of H«. The diagonal elements of Hp did not remain 

constant and their variation is depicted in Table 5» 

The final example considered in this section is called the cattle 

feed problem« It was formulated and originally presented by van de Panne 

and Popp (1963)* Armacost and Flacco (197*0 presented the cattle feed 

problem to illustrate an application of the sensitivity analysis. The 

additional sensitivity results are presented here for completeness. The 

problem Is a chance-constrained program to determine the mix of Inputs to 

cattle feed that will satisfy nutritive constraints and minimize the cost 

of the cattle feed. The protein content of the components is a random 
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TABLE 5 

VARIATION IN THE COMPONENTS OP Hp 

A 
a2f/*V 

1«3       i-5       i-6       i-9 

to"6 -3148.3 -383.81 -89157.9 .8342 

10-7 -27.228 -3.328 -851.345 .8347 

io-8 3.758 .466 -1.389 .8347 

io~9 4.067 .504 7.107 .8347 

io"10 4.071 .505 7.191 .8347 

io-11 4.071 .505 7.192 .83^7 

variable, normally distributed with a mean and variance determined experi- 

mentally. The application of the sensitivity analysis included the 

standard deviations as parameters with the interpretation that if the 

solution were sensitive to a standard deviationt more sampling would be 

indicated in order to obtain a sharper estimate« The statement of the 

problem is 

minimize    f(x,€) » c.x^ + CJX~ ♦ c~x~ + cot^ 

subject to  gjCx.c) - a^ ♦ a^ ♦ ayc^ ♦ a^ - ^ > 0, 

«2(x,€) - Mlx1 + \^%2 ♦ \Lfj ♦ \lkxk P 

ht(xt€) - x% ♦ 3^ ♦ Xj ♦ fy - 1 - 0, 

with x1 > 0t 1-1,2,3,^. The notation is slightly different from Armacoet 

and Piacco (1974), Here, the parameters in the sensitivity analysis are 

denoted €i# The correspondence with the previous work is €. - O., i-l,2,3»4, 
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(,  = 4. (" - ~ P and C, ~ o , The problem data from Table 6 of Armacost and 
5  r'  >   ' m     /   m     r 

Fiacco (1^7*0 are included in Appendix C, The sensitivity results for 

Problem V are shown in Figure k,    A^ain, the preliminary screening option war 

used to avoid calculating sensitivity estimates which did not affect the 

optimal value function significantly. Here, the components of the gradient 

of the optimal value function obtained directly from the gradient of the 

Lagrangian and the estimate of t e gradient obtained by application of the 

chain rule are very close. The values of the Lagrange multipliers estim- 

ated in the SUMT program are u^  - 0.58037, u2 - -.41005 and *1 «= -18.3738. 

The multipliers u. and u- correspond to df*/d€? and bf*/$€,  respectively. 

Also note that second order sensitivity information for €• and €_ is 

available since they are the right-hand sides of the two inequality con- 

straints. Namely, 

d2f*/d€?
2 « öutM? « .0112929, 

a2f*/ö€6ö€? « aut/ö€6 « .45706xl0"
6 , 

d2f*/d€?ö€^ « au2/d€? - .45671xl0"
6 t 

and        ö2f*/a*6
2 * öu2/a€6 - ,46212xl0"3 . 

The results shown in Figure h were obtained using a sensitivity analysis 

at the final subproblem for a range of differencing increments. For 

other values of the differencing increments not shown here, the optimal 

value function sensitivity estimates with respect to €• and € obtained 

directly from the gradient of the Lagrangian and the cross-portiaIs of 

u. and u2 with respect to €• and €? do ^ry somewhat while the other 

sensitivity estimates remain relatively constant. In a practical sense, 

however, the croes-partials of u. and u2 with respect to C^ and €? are 

constant since they are of the order of 10* , 
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5e Large-scale. Multi-Item Inventory Model 

Traditionally, inventory models have been formulated to minimize 

some function of the ordering, holding and shortage (or backorder) costs 

subject to various constraints. Schrady and Choe (1971) have formulated an 

inventory model which appears to have much greater relevance for an inventory 

system such as the U, S. Naval supply system. For the Navy, the costs used 

in the traditional models may be quite artificial while the real objective of 

the system is to maximize the service to the Fleet, an objective equivalent 

to minimization of stockouts. In addition, the stock points of the Naval 

supply system have investment and reorder workload constraints that are real 

and binding. Schrady and Choe consider a multi-item inventory system with the 

specific objective function of minimizing, the total time-weighted shortages. 

The decision variables are the "reorder quantities** and the "reorder points," 

the decisions of how much to order and when to order, for each item In the 

inventory, Clearly, it is of interest to know "if" and "iy how much" these 

variables and the value of the objective function will change if.certain 

parameters change, Schrady and Choe solved a small example problem using 

the SUMT computer cede, McCormick (1972) has shown how the special structure 

of this Inventory model can be used to facilitate the use of the SUKT code to 

solve very large inventory problems.   Here, the sensitivity analysis is 

applied to this model, a large-scale inventory system, and it is illustrated 

by means of the example used by Schrady and Choe. 

The model presented here is due to Schrady and Choe. An extension of 

the model by KcCormick (1972) Includes constraints on storage volume and 

probability of depletion. The sensitivity results are easily applied to the 

extended model. Several assumptions specify the nature of the model. The 
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first la that all demand which occurs whan ths on-hand stock ia aaro9 la back- 

ordered. The aodel la probabilistic in that the lead tine demand is a random 

variable. Specifically, for the i h variable, it ia assumed that the demand 

which occurs during the time between the placement of an order and its receipt 

ty the stock point is normally distributed with mean p and variance 0L . 

For the 1th item, let 

c.  - item unit cost (in dollars), 

A  - mean demand per unit time (in units), 

r.  - reorder point, 

Q,  - reorder quantity, 

<t<x) - the Normal(0,l) density function, and 

<D(i) - the Noraal(0,l) complementary cumulative 

diatribution function - f^&x)  dx t 

In addition, let %^  be the investment limit in dollars, let *2 be the 

reorder workload limit and let N be the total number of items in the inventory. 

The detailed development of the model is omitted here and the reader ia referred 

to Schrady and Choe (1971) or McCormick (1972). A function needed from that 

development for the final model is 

Pi(ri> " «°i2 + <ri * ■*>*>•<(*! - Mi>*i> 

Then the general multi-item model of Schrady and Choe ia 

If 
minimise    Z(Q,r)  • Z ß^)/^ 

8-C 
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M 
subject to  gt(Q,p) - Kt - Z cfa ♦ Qt/2 - j^) > 0, 

N 
^(Q.r) - K2 - E AJ/QJ > 0 , 

with r, unrestricted, Qi > 0, 1-1 N, Q - (Qj,...,«^)1 and r - (^ rN)
T. 

To put the problem In (x,€) notation, sake the following Identifications 

for 1-1,...,N» 

1                    *21-1 ■  V 

1                      "» " rl» 

1                     €41-1 " Mi. 

€w " °1- 
€U1+1 ■ V 
€<H+2 ' V 

"^ €1 " H*  €2 - V Rewrite Pi able« S-C as 

N 
mlnlalse    f(x,€)  -  2 -V^i^^i-l 

If 
subject to   51(x,€) - ^t  - E €<n*i(*2i * ^iV2 " €Ul-l^ 

> o, 

JU *  >0t x.» unrestricted, l-lM.,,Kt and 

Schrs4y snd Choe consider a three Item example. The problem daU 

and the Initial starting point for the SUMT program are shotm In Table 6, 
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TABLE 6 

MULTI-ITEM INVENTORY PROBLEM DATA 

Iten 1-1        1-2        1-3 

Datat 

Wl 100 200 300 

V^i 100 100 200 

ci"^i+l 1 10 20 

\"W 1,000 1,500 2,000 

Starting pointi 

V^i-l 600 270 300 

V*21 200 260 400 

In addition, 1^ - ^ - $8,000 and K2 - €j - 15. 

Figure 5 contains the computer output for the final subproblem of a 

trajectory sensitivity analysis for Problem S-C( €) using the data of Table 6. 

The results Indicate that the optimal value function Is sensitive to parameters 

2, 5, 8, 9, 12, and 13, i.e., Kg, c^ a2, Cg, a» and c~ respectively. The 

fact that the solution is sensitive to the values of the standard deviations 

of the 3ead time demand of two items lets the decision maker know, that since, 

these parameters were obtained by sampling, a possible action may be to con- 

duct additional sampling in order to sharpen the estimate of the standard 

deviation. 

The solution value is also very sensitive to all of the item costs. 

If the structure of Problem S-C Is examined, this result is most surprising 

since the c. appear only in the investment constraint and the optimal value 

function is not very sensitive to the Investment limit IL. Recall, however, 
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that when the partial derivatives are used as sensitivity estimates, one is 

effectively saying "how much will the objective function (or solution point) 

change if the parameter is increased by one unit?" Suppose c. (parameter 5) 

is increased by one unit from one to two. Using a linear estimate, the 

objective function is expected to increase by 2,16 to 15.15 an<* Of (variable 

x1) is expected to decrease by 208 units to 325. Figure 6 contains the 

computer output for the perturbed problem with c1 ■ 2, Note that the value 

of the optimal value function increased to 14,99 and Q. decreased to 411, The 

changes were quite large and in the directions expected but of course not 

as large as the linear estimate. Notice, however, that this change in c,. 

represented a 100 % increase in the value of the parameter. For purposes 

of comparison, consider a similar change in the investment constraint K1 

(parameter 1) to which the solution is apparently insensitive. Using the 

optimal value function sensitivity estimate (-.00517)» a 1C0£ increase in 

the value of the parameter is 8,000 and consequently, a linear estimate of 

the expected change in the optimal value function would be (8,000 x -.00517 ■) 

-41,36, The above example does not imply that equivalent percentage changes 

in parameter values is relevant "out rather Is meant to emphasize that the 

sensitivity estimates are valid for a small neighborhood of the ^iven 

parameter values and as such represent Instantaneous changes. 

The solution values in Figure 5 are slightly different from those 

presented in Schrady and Choe (1971). This difference is due to the use of 
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two different approximations to the complementary cumulative normal distribu- 

tion. While the solution values vary only slightly with these different 

estimates of the normal distribution, the variations in the Lagrange multipliers 

and some sensitivity estimates are greater. For the system library subroutine 

using the normal distribution error function (erf) to estimate the complementary 

cumulative distribution, the minimizing trajectory of subproblems showed that 

the estimate of the Lagrange multipliers deviated from what appeared to be a 

relatively constant value as the final subproblem was approached. As expected, 

the optimal value function sensitivity estimates obtained directly from the 

Lagrangian varied in almost direct proportion with the estimates of 

the Lagrange multipliers. In Figures 5 and 6, the estimates of the optimal 

value function sensitivity obtained by the two different methods (chain rule 

and Lagrangian) are in close agreement. This was not the case using the erf- 

related subroutine used by Schrady and Choe, This is the same effect experienced 

in other problems as discussed in Section k.      In this case, however, the 

x-derivatives are affected to a slight defcree. The major source of this 

error appears to be the lack of necessary precision associated with the erf- 

related subroutine for the complementary cumulative normal distribution. The 

conclusion can only be that one must proceed with caution. From this and other 

examples, however, it appears that convergence of the Lagrange multiplier 

estimates along the minimizing trajectory is a good indication that the sensi- 

tivity estimates will be accurate. 

This large-scale inventory example illustrates a potential "real world" 

application of sensitivity analysis. It also highlights the need for a 

careful interpretation of the sensitivity information as well as the recurrent 

call for caution in the use of a numerical algorithm. 
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6, Conclusions 

The purpose of this paper was to present examples of computational 

Implementation of sensitivity analysis with respect to the optimal value 

function and the Lagrange multipliers using the theoretical results of 

Fiacco (1973) and Armacost and Fiacco (1975, 1976). All of the problems 

presented led to new insights into the computational aspects of this type 

of sensitivity analysis. 

The major conclusion is that the sensitivity estimates of the 

optimal value function obtained directly from the gradient of the Lagrangian, 

the partial derivatives of the Lagrange multipliers associated with the 

binding constraints, and to a lesser extent, the partial derivatives of 

the solution point, are dependent on the accuracy of the estimate of the 

Lagrange multipliers calculated in the penalty function algorithm and 

subsequently used in the gradient of the lAgranglan. If the estimates of 

the Lagrange multipliers along the minimizing trajectory converge to a 

common value, then it appears that the sensitivity estimates will converge 

to their true values provided the differencing increment is satisfactory. 

If, however, the Lagrange multipliers converge and then vary, the sensitivity 

estimates should be viewed with caution. (Note that the Lagrange multiplier 

estimates are available in the standard SUMT output and a trajectory analysis 

is not required.) 

Armacost and Fiacco (197*0 noted that the differencing Increment 

used in the central differencing formulas was a potential source of error 

depending on the scaling of the problem. The same caution applies when 

dealing with Lagrange multiplier and optimal value function sensitivity. 

- J*0 - 

inim urn tftitaft 



T-335 

The example problems which Included right-hand side parameters 

Indicated that the optimal value function second order sensitivity estimates 

are themselves very sensitive to the Lagrange multiplier estimates, the 

differencing Increment and the scaling of the problem« It appears that 

further analysis Is needed before this particular program can be used to 

take advantage of second order sensitivity estimates to Improve algorithm 

performance. This Is particularly true for the second partial derivatives 

of the optimal value function taken with respect to the right-hand side 

of a binding constraint. 

Computer time was provided by The George Washington University 

Computer Center, 
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eo«o 
oc --* 
ten 
6*5»* 
tc*» 
*or* 
•>e** 
♦ iw 
et*i 
en» 
910« 
civ« 
• 10% 

rA«Awrtr« v*v.ue 
s.GM.SI   I 

to ** 

si i *-i« W»T(*»M) rA«Awrtr« VAV.UK      OIprt«tNCl**ft iNTfuv**» / 
t   t l*. ;«...i ».*.*■. 
• »•I T' I* ,'.M 

5*   »-o »*T I//I 
C      £VALU*t(    r,    c   A NO   W, 

CHL   fceS»STI t,f | 

oo «" J*: .•»»«•! 
CA1L   *l ilMlj.BJljII 

•0   CCKTlNur 
If IV »Hi '.ro. 31   00   TO   *<1 
r»lL   P»t.SpN|0O.*Tt4T| 

C    cc^fui«" at  *• 
•* C»i L  onrioi 

00   <»'.    |«t .N 
»»Ml II     •    Ofcl.l It 

»■>   C"-tTMu* 
C     et'*«»>u»'    (nrL|«»j>  p  -  %To»eo   IN  A. 

C      «MO.*   Tnf   V.-W   OtCOVPOllTIO*   OF   A. 
on   IM    l«|*N 
O'LM I >>C .3 

I0r- cr»»i»»ur 

NT J»l 
C*LL    INV'Udl 

C      CHff*    ?0   ««»l    «»ClM    AM   OATH(XO».4l_   »OVC   It   NOT   ATTtMPTfO. 
on  lie   1*1.»* 
ir to« tKin.co.o.c) cc TO no 
»PIT« <•> tICM 

149  rci.*»IK*»'.   TMf   MAThl»   fir   SECOND  *»*Af|*L*   If  NOT   «OtlTIvC   OCr|M|,TC 
I.    »»"SlltVllY   «K*tv\!S   IS    TF>«INATt.O t 

GO   »•>   ?' » 
tic ret INU 

oo   1*1    I»1.NPfct 
«?••< t >   * t>** i 11 

I2C   CCcfJUM 
O"    >M     j: I  ,**P**' 
|» <M ivM .-t« .*>!    (.C   TOll* 
(• |«'r «,n ^| ,. ,,.» |   oo   TI  fKt'y 

11» »f I».    «  '**.'. J.J»    GC   »O   JJt 
C*tL   l »Ut MTtfcLljrtNO*'**! Ul 

C      COMH.tr   Oi;.«c   PI/3»(J»    «NO   MM/0«UI   UtIMC CCNTMAi,   OIMI »I NCI NO« 
III    P*>7jl       TA    Ijl    «    OPAfcfJ) 

C«Lt   «•' 5IMI J.O»  I 
inw.rc.u   cc  »n  19» 
OO   I*',   I-I.«« 
OIL   «■' %»*M | ,Aj| Ml 
II t*J« I t.G'.AV'tl    GO   TO   II* 

}«J   |>»»*| jM' *l«r*A«IJ| 
M*MJ»     »    IjNIJI 
«Mi! if itM   j.on*»«jl 

12«    » OK«*T I ll-H   UfVttlNJ,   0t»**(*t2«lM|«    .61«,«) 
|riO»4.(jl.CQ.4.l   CO   TO  i*\ 
CO   Tr   121 

I It    C0MT|Ni»£ 
12*    l*(M,t«tG.Ot    CO   TO   It« 

OU   12»    1»§.»I 
M/»f««*«| 
(Hi  ••MNr|««f>|*»j(M|f»t 11 

12»   CO^Tlsu« 
110        IMh,t>«.H».1''»   CO   TO   12« 

CAti,   L»U.TI| »OtL*U*0<M*OWl 
It«        C»i t   G«-#CIM 

on   I't    l«t.N 
01.1 tl I I At»! t>1l II 

113    CUNTIMU» 
Of »#2,t«P«»««IJi» 
t»*k( jiirti tit   *  Oi« 
t*Vt    »r'MNMll.WAl. » 
I» l*».*O.^I    GO    '0   13* 
00    I-**    I"|.N 
(Ail,   ►• tlUM l.*JI III 
|M«,it I t.G'«*VAll   GO   TO   13» 
GO   TO   19» 

I)*   CtNTl».u# 
lib   IM»?.»«.1!»   CO   TQ   13« 

OO   D*    Ml »«I 
«f*|*««| 
C»tt   «I %lNTI«f»l ••>9*<*2<*l*l 

01»2 3C 
01»240 
Cl»9*0 
01 "2A0 
0I»2T0 
0I»2»C 
01»?«0 
0IT9C0 
0IT3I0 
CITJ20 

«ITJ30 
0l»3«0 
Cl»350 
0IT3G0 
«I»3»0 
tl»3*0 
01»393 
0|»*"»C 
• I»«»** 
0I»«90 
et»«JO 
CI»A«0 
01»«»0 
Cl»**0 
Cl»*'0 
0I»A"3 
01»*«*0 
f1»*30 
C1»M0 
ciT^rj 
0l»*J0 
ei»*«o 
01 »s«vo 
01 »»(.0 
ei»%»o 
ci»»*o 

ei»»*e 
t i»*co 
•t»»|0 
CI»C20 
eiuie 
ct *#»o 
ci»#>»c 
•l»*AO 
•IT*»0 
ci»*%o 
•1v**o 
CITTOO 
•IT»tO 
•l»»20 
01TT30 
•ITT«« 
•I»»*» 
•!»»♦« 
fl»T»« 

• I»*«« 
«|T«eO 
«t»«l« 
•t»»9« 
%•••** 
«!»•«• 
<!»*« 
ci»«tr 
•i»«»o 
•i*«*o 
•IT**« 
•1»**0 
•l»«t* 
•t»«9« 
• I»«»« 
•I»«*0 
•!•«%• 

- «w* - 



WUHIURE TO DOC DOES NOT, „ 
WIT TOUT LEGIBLE PRODUCTION 

010» 
no? 
CO* 

cue 
01 I I 
Olli 
on t 

oi t* 

IS«        IF (%'. «C< *.*0   »I   CC   TO   19« 
C*IL   I-VLt W.OtfU.O« M.OUI 

i 3«      c#tt   6" »rt ?t 

on   |4C     Ir»,N 
O'l Ml > MI'LM I I    •   Of L«0< J I »/Ofc* 

1*0   CiMhijf 

C       MVIM,    H'l'ilf    MflliMO    A.    r.*ltVf    ••■«•   fOO   St 
C »H»t.r     HvU'l«     »NO     lr|/l/D*(JI. 

C»Lt    I ••■VI '•'.< >* 
€      W. IN»   Out    L«/r MVI 

• •■MM'.l'tf I    J 
t«o »rjt>w«M«VM    M-ort itMttivr« *»c »IT* »CSICT TO »AHAMCTC« »111 

oo IT:   i«i.N.4 
i i"«h' i »♦s.Ni 
• Utic.ioi   iJJ.trt IMJjJi   JJ«l.ltl 

|«f>   >'.r»#ri    • <«><   0«|, If ./»•l».OI«*r|    } 
ITC   Ctsf|*u« 

irtMftrrt.ro.oi   &0   TO   IT* 
irt-.- »,.r »   '.c   tr   3^1 
C*IL t,*üi tt t.nri'u.ci «.nut 
•« if t*. *•',••  J 

S90        rOMMi/      «|M     u-Of R| VATIVf t   IIIH  «CSPtCT   TO »>»•••»€ Tl« .til 
00 VI    lit.«*« i 
1 I    •   "INM t •«..*! 
• •I»M' . ••*!   MjJ.nuUJlt.J^I.II > 

Stt        "I'M'ttM«   OVt .11 .lfl«.t.l««T|l 
1*1        cr».t|^u* 
S»| |i l»f«'tt.Cl   CO    »*!   IT* 

C*ll   t»«"UttM.01L«»U.Ct«.DU» 
•mn».H,>i  J 

>*0       I^MII/     «!*•     «-biaivitmi   lit». MI«<T   TO PA«*«tTf* .11» 
bii   JC I    I •!.«•*•.* 
I I     •    MIN'.I I**.»II 

|iM'l'.*M    iiJJ.'JVtJJt-n»    Jjat.lll 
9«I        |,14«U(|*K   0*1 • t£.**M|*t<.|**Tli 
HI (Ul|'*g! 
JT» <<-!'.! t*.W? 
C      Cr»sg!«;     U/nMJ). 

Or   M5    l»l.** 
Or    «   jr   .   • )N( | i«PfLK II 

<     •** |»it   or /t «i St . 

I«-  rc.«*M/   pi,i)Hi>riiirt)/ri.  .«I«*«/I»M  •••••••••/» 
f«t   lCTf*W* 

CO   »o   >'*• 
tOI   tMlfl'tlCt»   4 
10*   f',"**» I |M    .?|H** t-»|N*f|ltt   »*«4M^T(at|}«|«M 

in  to  rcf 
tOf    »*t »••«• 

<*m  »• ,»rc* 
Oi  *«%   I«I»« 
ctmii  • O'IIM i» 

tO*   Ott» M I I    •   OCtM I t 

• MO 

Out   TO 0*A#   • • *% 

OIT«T0 
©1T«*0 
©|T«?0 
©l»C*0 
oiocio 
01*610 
010010 
Cl«5*0 
01*0*0 
ot«c»e 
©I WTO 
0100 00 
01 «coo 
otoiro 
«l«IIO 
•10110 

• l«H5 
ct«i*e 
CI«|M 
fMII) 
OM»© 
«»«Mt 
• I «IV 
«»•»:? 
• i «nt 
«i*«i; 
0I*1!0 
CI«fO 
Cl*/'t 
•i«v<; 

Cl«t*3 
«I*««) 
•I«»** 
• l«IU 

.U5- 
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CO'»» 

OCi« 

ooot 

SOI" 

OCI'J 

con 
001/ 

0"»I3 

cot« 
CO I*' 
0016 

C01» 

ecu 
Cf I* 
or *g 

<JC»I 

€911 
iCJ* 
OTM 
to* 
ft»» 

»Of» 

00*0 
oott 
0911 

C   INO 

C    !ND 

I 

C     INO 

I 
ec 

»l 

• o 
TO 

SUl« Mit tu*     t »UL I I l*.0.O*L«"V.0t«.©VI 
t»» lit IT   *•■ »L»*< *-»*.')•/ I 

rr *t»*  «»HCIN.."»^ ic.r» si .fHtf»c .«fPi.if«! 
(,OM«ti-4/V«*i<-/«< <"■ l.fvl I I J>*»l .»I 7". »M ,*,M,IH«,«*| ,N«»I 

CC"--. 4/OS?/0'L*l*0l .1.» L*'(K)."HOl«»,»*f lO.r^Sl.THCTAO. 

I ■*!*.!♦. .».WIM .MIVC I. <;«.->? I, I Jt?9l**r2<»JI»l»l<?0>*IHtt* 
?<•;•;,M.r t .«JIU^I ,nri »,»•*.* *0« ?-M,OI •Clio It 
JPI » v" . *D» LI •*$!<, I i«V| . NMNA&f »NSATIS 

91 "•"'<«; I ON   DH.HJ(«(,1."«I»*I 

M»/    i    W    »    M| , 

0(1    TO    «1.1.4*11.     INO 
• * 
DO   1*1    I ■ !.«•■* 

Ml»Wlll     "    *>. 
*f t06N 

■     I 
on  v.  I«! .•»<•* 
o> i <*m ii  ■ M ji i • 
*• I. t U«. N 

• * 
DO    <T      t«l»M«< 
O* L-ufl I   •   «0*L»Ulll   -   «JltM/OtH 

no »f   i«» .«•••* 
CALL  &u*nitn 

C*tC   »'L5TNTI I.V*L> 

%M-   •    0. 

00 »I    J^»!.*« 

»V*   •   %U«  *   OcLt J.Jl*f>€V*</Jl 
U I 1».n.f o.*I   OC   »C   •»* 

Out I»    »•«»«'»   •   t>   INWi I H»***0**~*V»**l 
et  •♦• »o 
ouiii  * ?«*itu» « t»rt*uii II/»N*J 

CCNTINVX 

1 NO 

- **6 - 
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con 
CC 3? 
COJ 
000* 
CC35 
0C36 

et 3« 

con 
con 
0C12 
0013 
oci* 
0*1? 
0CI4 
00* t 
0*18 
r» ,i» 
0C2* 
?G2I 
o?? 
CC23 
0C2* 
0C2S 
C026 
OC** 
cc?« 
0029 
0C39 
PO Jl 

eo j3 
0C3* 
OC« 
C0*6 
00 17 
ocia 
03 39 
0*0 
03«! 
CC*? 
rc«3 
oo** 
90*6 
oe*6 
53»T 
C049 
CC*« 
ec«»r. 
OC*l 
COS? 
CC«3 
0C5* 
CO*» 
oe** 
505* 
00*« 

co*-o 
toe: 
0*>5I 
eoi-j 
0063 
ece* 
eec« 

0C*T 
00OO 

IC 
20 

30 
40 

50 
fcO 

*C 
90 

90 

95 

10» 

60C 

OCI 
200 

250 

tos 

JOO 
CG 5 

JVPLICI?    *i *L"M A-M,C-*I 
C'-M".-l/' .«»S.IVJC«. ,-v  | ,f)| L( 23 lt*(2r . 2CI.N« •*,»•* tNPl.NHl 
CO«* .N/w*L«>r /r,«,,ro,t s IGM»,* j(«0)*RHO 
COMMPN/f UAL/   M»    MI |P»£ 
CC^fTN/'.' N/o»w< jo ( ,DM»t- »201 .NPA«, I5EN5 
Ol«f '.".IGN  r.x(*c » .OUl*0)<KTF5T<20)tKLlSTC20l 
M*»M/     •     10    t     «{ 

FT-*I    «   i,r.il    •   ÜAHSirt 
oo  i:*a  j=i,Ne»r- 
«TKST(J|    «    ) 
PAMJI Pif.(j|     •    DPA&tJ) 
CALL   BISTUtlO.OfJ 
iF<Mpvi/.fc.',i  co TO r»o 
00   I'    Itl.'^fi 
c*tt  »«"STNTI i ,nu< i»» 
C'jf.TiNur , 
Otr»    *    2.    •   DPAMJ» 
MU «J>    ►   P*a< Jl    -   OFM 
CAiL  trjTNiTiViJiri 
ir(»PM/,'C#3)    GC    TO   «0 
PO   33    I »I .viP-f 
C*IL    Cr5rNT, , ,<;x< j , , 
f Of.riNu1' 
OFfPS   ■   «OF   -   XFI/PFM 
ir(M.^/,ro,3)   CO   TO   60 
00   50    1*1*«P*l 
UUCI1    *   <0U<II   -   CK< HI/OFM 
SU*   •    OFTPS 
|FC«.t 0.Jl   GC   TO   eo 
OC   T'i    !«!.•* 
SUM    »     $U«    -    BMC/PJ(|I»0U(1I 
IF(M/.ro.O»    GO   To   95 
T«»U<<   «   0. 
DO   O"    |u|,-2 
IM   »    I«M 
T$U*  «  TsuM  ♦  rj(|N|*ouUM| 
5UM «- SU* ♦ TSU" • 2./HHÜ 
OFLIJI « 5U« 
P*1(JI     *    PAßtjl     ♦     0PAB<J| 
OT««iT    •   &A0S(0rLU)l 
|F <0TF«iT.G'.FTFST»    KTCST(J)    •   1 
cuMtnu'. 
»«■it. «« ,t ■-■•) 
ror.MAT<?2i,l«H-:PT|MAL   VAtUti   FUNCTION   SENSITIVITY //♦ 
O'J   ?'.*    l«l .NPA* ,5 

•etme*'cii  << JJ.OELOJU.  JJ«I«IrI 
rüi«»ti   MJH  or /DA« , t2.2"l**.Gt*.7ll 
CÜNTINW* 
JJ    »    0 
00   ?'0    J«l4MPAC 
|F<ft'C«.T< Jl.f-O.CI   00   TO  «50 
JJ ■ JJ ♦ I 
RLISTUJl   «   j 
CONTmuF 
lFljj.tfi.OI   00   TO   300 
• MUf *,',0Z? 

ro'-*Tf /5iN cFTAiLio SCNSHIVITY M SUITS rowo* ro* «*A»AHCT««S 

• t )U t',,^0?!    (HLISTUI.   1-1.JJ) 
»J'-wriiH  *'i( I2.2M   , »I 
•■II' lt.» 6* » 
FQttJATt/l 
M Tu^N 
«itlTr <*,t05> 
(OkMAfl    «...   ?Mf»F   A«r   HO   OFTAILCO  MWOITtVIfV   OfftAltTt /'l 
•CTU«>N 
fNO 

-U?- 
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APPENDIX B 

USER SUBROUTINES FOR SCHRADT-CHOE PROBLEH 

co-ji 
CO-}* 
OC03 
OCJ« 
0O5 
0006 
OOOT 
ooo* 
0009 
ooio 
0011 
0012 
0013 
COl* 

$UR»OUT|Kf   * CADIN 
ILLICIT   PrAt»*«A-h.Q-21 
((iMf'Di/i^y/ jr TM?OI .»MM?"»i ,nrNse«*o ». iotN*f »oi.m 
CUM«ON/S5N/»»*a<2C I.DP AM ?0 | »NPMP, ISCNS 

901 PCRHATtlS»«Fia«C) 
B£A0<5.9C1»    M .PAMI I .PAP(2) 
Wt t Tr J/,,90l I    Nit PAP| I }.P40<2I 
0(1    1 ">i    1 «I iNl 
fit *OCi.vni > tOf NTC*I ).IPAP«4»J-»Ol.J»l.*> 
•PI TCI 6,901>      101NT(1I.cr*R«4*|.?«j>,j>l.«) 

100        COM I MOP 
np*r.   ■   *«NI*2 
PCTUPN 
fNO 

CC01 
00 02 
c?->3 
co-:« 
reg« 
00-56 
COOT 
coos 
oro<» 
C0I0 
con 
0012 
0«! J 
CO* 
0C1S 
C0I6 
001 T 
COl« 
oco 
0020 
0021 
0022 
Of2» 
002« 
CC2* 
C02* 
0027 
002« 
CO 29 
00 30 
OOSt 
CO 32 
C3 1I 
001* 
003% 
00 3« 
CCIT 
CC»1 
fit 19 
00*0 
0041 
CCA» 
00*1 
00** 
• 0** 
*0*« 
00*T 

SuePüOTlNC   PFSTKTUN.VALl 
IMPLICIT    M AL«(»( A-H.O-U 

CC*«ON/',M*r.r/x(?r | ,DFL<?> I .*<20. ?CI.N.M,«N.NP| «NM1 
CCN%K N/P-v/orTA( ?0».PHH20».OtNSe«20>. IOtNTl201.NI 
CC*W0N/S* N/P AS < 20 1 .OP AP C 20 » • NPA.« . ISCNS 
VAL   •   0. 
irUN.ro,01   CO   TO   300 
trIis.fo.ii  co TO too 

200        00   250   IM.Nl 
14   ■   2«l-l 
00   *    X«1Jl 
IMOO.Lt.O.I    CO   TO   180 

»SO VAL    •   VAL   ♦   PAB(4t|*2l/00 
VAL    •   PAP<?>    -   VAL 
PtTUBN 

mo VAL  ■ -i.o 
tfcTgt-N 

100 DO   lf-C    I«1.NI 
1Jl   •   *•! 
tj   •   Ul   -    I 
PC    »    IIIJIl • 
iFfpfc.tr.o.i co TO ioo 
og ■ «tij> 
iriOQ.LT.0.1 CO TC 180 

1*0   VAL • VAL • PAM**l*IIM»B*00/»«-r>*»«89|-t II 
VAL > HJ|| I - VAL 
«f 1U«"N 

300   00 J'O t*|»**| 
Ul • 2*1 
U  • Ul - I 
oo • miJi 
H • Mlj!) 

ug • PAPt**t-lI 

SS > PAM**I I 

OftTA   «   ie   •   gu 
IH   m   0*1 TA   /   t\ 
CALL     ASÜTOI/N.r 1 atflM 
PMll  1 I    •>    « I 
ULN-.I (I 1    •   01 N 
•ITA« II    «">,*•< »<lS«VS*OfLtA»0(LTA»4PM|U |-SS«MLT A*M*tSt I I t I 

»SO        VAL   •   VAL   •   or TAU l/OO 
*>C*U*>N 
CNO 

- i+8 - 
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0001 
c::2 
CC01 
oo« 
010* 
CO?« 
0007 
C0C1 
C009 
QC1 3 
001 1 
0012 
CM? 
001« 
OOIS 
coi* 

oci* 
0017 
0020 
0321 
002* 
oc2i 
002« 
C325 
C026 
or.sr 
Ci?A 
0C29 
0C35 
0331 
CO 12 
«11 
00 1* 
C03S 
0026 
0C5T 
COM 
601« 
0940 

IMPLICIT   fct*t*1(>-M,0-il 
CCf«;N/',M«ef /»I2r ),(>FL<?ftl .AI20.2GI.NtMtMM.NPl.NMI 
rowM. N/ISV/ *t »«I ?oi .PMK20I .oeNseco >. IOEMTUOI.NI 

CL"»' lN/',( N/P*H(?0 ).OP»K?OJ .NPAfc. IStNt 
IM Sn.FO.CJ    <*0   rc   300 
IM IN.FU. I )    CO   TO   100 
DO   21ft    I *J .Ml 
IJI    >   ?*1 
IJ   «    Ul    -   I 
00    »    XtIJ) 
OEL< Uli    *   0. 

250 BUdJI    •   Pit-(4» i »2 1/00/00 

100 OO   100    1*1.Nl 
IJI    ■   2*( 
IJ   -    IJI   -    1 
on < i ji i   ■  -P«M«*I»I» 

159        OrUUI    *   OtL(IJl)/2. 

300        OQ   350    1*1.«I 
IJI   » ?•( 
IJ ■ IJI - I 
00   >   XIIJI 
*p « llljll 

uu • PAPC«*i-i » 

SS    ■   PAP(4«!J 

OfLTA   B   an   -   uu 
ZN   ■   OtLTA   /   SS 
CALL    ANDTM/N.M .Of Nl 
PHI(II    s   Ft 
OlN$MI)    >   DEN 
OFT *( t »    «0.5#C IS$*S5»OCLTA*DCLT«)*PHHI)«SS*OeLTA*DCNSE(l|} 
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APPENDIX C 

T-335 

SHELL PROBLEM DATA 

1 

1 2 3 4 5 
i 

-15 -27 -36 -18 -12 

30 -20 -DG 32 -IG 
cu 2 -PC 39 -  ■ > -33 3? 

-10 - 6 j 0 - 6 -IC 
'+ 32 -33 -  f', 39 -20 , 

!dj 

5 

1 

-10 32 - ,i,u -20 30 

k 8 1'"' C 2 

• < 2 fj ] 0 
! atj 2 0 -  2 11 OJl c -   2 

3 - 3o 0 0 0 - 0.2.:, 
>• o -  2 ',' - k -   j - h 
5 0 - 9 - ;A 1 -  2.8 - K    \ 
6 2 ^ 

^ 
i. 0 0 - ]     I 

? -   ] - 1 -  ) - 1 .   3 -ko     1 
8 -   3 - 2 -  ? -  2 m   ] -6o      ! 
9 1 2 •^ 4 lj 

ri      1 
10 1 1 ] 1 1 l      j 

CATTLE FEED PROBLEM DATA 

j CJ a3 yj          °j 

1 Barley 24.55 2.3 12.0   0.53 (parameter 1) 

2 Oats 26.75 5.6 11.9   0.44 (parameter 2) 

3 

4 

Sesaxe 
Flakes 
Groundnut 
Meal 

39.00 

40.00 

11.1 

1.3 

41.8   4.50 (parameter 3) 

52.1    n.79 (parameter 4) 

t    = 

Pm = 

-1.645 

21 

(parameter 5) corresponds 
to probability of 0.95 
(parameter 6) 

°in* 5 (parameter 7) 
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